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ABSTRACT 
 
Progressive collapse analysis of building structures is usually performed under sudden column loss conditions. 
This means that the bearing capacity of the targeted column disappeared instantaneously. Hence, a time length 
less than one tenth of the natural period in the gravitational direction of the damaged structure has been 
recommended for disabling the targeted column in the numerical analysis. The time length required for 
disabling the postulated column in dynamic progressive analysis is defined as the rise time. Most seismically 
designed structural members may have a minimum ductility capacity as regulated in design codes. When the 
column is subjected to a devastating abnormal loading, it may gradually lose its load-carrying ability with 
increased deflection. Thus, the column strength is completely lost within a finite rise time. In other words, the 
dynamic loading for progressive collapse analysis of the remaining structure is increased gradually rather than 
instantaneously. This study intends to apply the work-energy principle to investigating the rime-time effect on 
the dynamic response amplification under column loss. A single-degree-of-freedom (SDOF) model is used to 
derive the analytical formulation with consideration of the rise-time effect. It is constructed with an assumption 
that the maximum imposed loading can be attained before yielding. Analytical procedures for calculate the 
force- and displacement-based dynamic increase factors (DIFs) are proposed. Nonlinear time-history analyses 
are then carried out to evaluate the accuracy of the proposed approach. The analysis results indicate that the 
dynamic amplification will decrease with increased finite rise time. The rise-time effect decreases with 
increased plastic demand. For practical application, the rise-time effect may be reasonably neglected as the 
ductility demand is larger than 5.0 and the normalized loading is larger than 1.5 for the force- and displacement-
based DIFs, respectively. Its influence on the column-loss response may vary with the ratio of the rise-time 
length to the natural period and the extent of plastic deformation.  
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INTRODUCTION  
 
Progressive collapse vulnerability of building structures has become an active research topic since the 9/11 
terrorist attack on the World Trade Center in 2001. In fact, the earliest study regarding the progressive collapse 
of buildings may be traced back to the partial collapse of Ronant Point Apartment Building in England, 1968. 
The incident highlighted the importance of structural integrity and robustness against local structural failure. As 
revealed from several structural design codes, special attention has been paid to the structural integrity 
(Mohamed 2006). Also, different measures for reducing the risk and hazard of progressive collapse were 
investigated. In general, provision of tie force, alternative load path, integrity, and specific local load resistance 
has been recommended as feasible measures for reducing the vulnerability of building structures to progressive 
collapse (Abruzzo et al. 2006; Ellingwood 2006; Nair 2006). Since the cause, reoccurrence, and intensity of 
abnormal loadings for triggering the progressive collapse are difficult to predict precisely, provision of threat-
independent alternative paths for loading transfer is regarded as an acceptable and popular solution among those 
proposed measures. Alternative load paths of a damaged building structure may be verified by assessing its load 
transfer ability under stipulated column loss scenarios. Practical progressive collapse analysis procedures have 
been recommended by the US General Service Administration (GSA 2013) and Department of Defense (DoD 
2009). Two different load magnification factors, namely the load increase factor (LIF) and dynamic increase 
factor (DIF), are used to consider the dynamic effect in the linear static (LS) and nonlinear static (NS) analysis 
procedures, respectively. Empirical formulae obtained from nonlinear dynamic (ND) analyses of various frame 
models subjected to column loss are used to predict the LIFs and DIFs in the guidelines (DoD 2009).  
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Usually, progressive collapse analysis of building structures is performed under sudden column loss conditions. 
This means that the bearing capacity of the targeted column is lost instantaneously. Hence, a time length less 
than one tenth of the natural period in the gravitational direction of the damaged structure is suggested for 
disabling the targeted column in the numerical analysis. Complying with the postulation of sudden column loss, 
the principle of equal work and energy has been used to estimate the collapse resistance of the damaged building 
frames (Tsai and Lin 2008). The energy-based concept was also used to develop analytical expressions for the 
DIFs (Tsai 2010) and a performance-based retrofit design approach for regular building frames (Tsai 2012). 
Also, Menchel et al. (2011) proposed a methodology to identify the static pushover procedure for sudden 
column removal by using a similar energy criterion. Fang et al. (2013) used the energy-based concept to 
evaluate the robustness of steel-composite car parks under vehicle fire. Most of these studies were carried out on 
the basis of sudden column loss condition.  
 
The time length required for disabling the postulated column in dynamic progressive analysis is defined as the 
rise time. For seismically designed buildings, most structural members may have a minimum ductility capacity 
as regulated in design codes. When the building column is subjected to a devastating abnormal loading, it may 
lose its load-carrying ability under gradually increased deflection. That is the column strength is completely lost 
with a finite rise time. In other words, the external loading for progressive collapse analysis is imposed 
gradually, instead of instantaneously. Some studies have been carried out to investigate the rise-time effect on 
the structure response under column loss. Liu et al. (2005) indicated that the time length for completely 
removing the column could affect the structural response and the rate of removal would be insignificant in the 
final results as the rise time was less than 10 ms. Gudmundsson and Izzuddin (2010) investigated whether the 
assumption of sudden column loss is realistic and whether the scenarios can reflect an actual extreme event. 
They concluded that the sudden column loss is a useful design scenario for assessing structural robustness and 
may result in an upper bound of the deformation under blast events. Rahai et al. (2013) compared the 
instantaneous and gradual column-removal responses of an RC structure and revealed that the former induced 
higher stress and deformation demand on the structure. So far, most studies regarding the rise-time effect were 
mainly carried out with dynamic time-history analyses. This study intends to apply the energy-based method to 
investigation of the rime-time effect on building response under column loss. At first, how the rise time can 
influence the dynamic column-loss response is described. Analytical formulation with consideration of the rise-
time effect is derived for the pseudo-static response of an elasto-plastic single-degree-of-freedom (SDOF) model. 
Procedures for calculating the force-based and displacement-based DIFs of the SDOF model are proposed. 
Nonlinear time history analyses for the column-loss response of a SDOF and a clamped beam models are then 
carried out to verify the accuracy of the proposed procedures.  
 
PROBLEM DESCRIPTION 
 
As recommended in the GSA and DoD guidelines, the alternate load-path analyses are proceeded with a 
presumed sudden column loss condition, which may be regarded as completely brittle failure induced by a 
localized extreme loading. However, if the column is designed with excellent ductility, it may lose its bearing 
capacity in a finite length of time. In other word, the column can lose its stiffness and strength gradually instead 
of suddenly. Two mathematical expressions may be considered to describe this kind of dynamic column loss 
scenarios. The first one assumes it as an intact structure subjected to an existing constant gravitational loading 
and the stiffness of the presumed column deteriorates gradually. The equation of motion is expressed as   
 uPunrttkkug
uP   )])/(1(0[        (1) 
where uP  is the sustained axial load of the column and u  is the deflection at the joint of the two-span beams 
bridging over the failed column. 0k  and k  respectively designate the stiffness of the column and the adjacent 
remaining members. rt  is the rise time for the completely column failure and n  is a positive exponent 
describing the deteriorating rate of the column stiffness. Alternatively, when the stiffness and strength of the 
damaged column deteriorates in the failure process, it means that the originally sustained loading of the column 
is gradually imposed to the column-removed frame. Hence, in this regard, the equation of motion may be 
written as  
 n
r
u
u
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)(           (2)  
In the formulations of Eq.1 and Eq.2, it is assumed that either the stiffness deterioration or the loading growth is 
varied exponentially. Also, in the equations, the imposed loading will contribute to the vibration period of the 
damaged structure in the gravitational direction. Since Eq.2 is simpler to solve for analytical expressions than 
Eq.1, it is thus used as the first step to investigate the effect of rise time on the dynamic amplification of column 
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loss scenarios in this study. Although the loading growth is expressed in an exponential form, a linearly 
increased loading, namely n= 1.0, is adopted to further simplify the analytical investigation.  
 
ANALYTICAL DERIVATION  
 
From the aspect of work and energy, regardless of the loading rate, the strain energy of a structural frame may 
be described by a general elastic-plastic load-deflection model, as shown by the bilinear curve OCD in Figure 1. 
However, the work done by an instantaneously imposed loading will be different from that by a gradually 
increased loading. This is because that the former can be regarded as the product of the loading magnitude and 
the deflection, while the latter may present nonlinear load-deflection relation as shown by the curve OBE in 
Figure 1. For a single degree-of-freedom (SDOF) system subjected to a constant loading with linear growth rate, 
the equation of motion during the loading growth phase may be expressed as  
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t
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uP    rtt d        (3) 
In this phase, the steady-state displacement time history can be obtained as  
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Figure 1 A schematic of the load-deflection curves for 
strain energy and external work  
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Figure 2 Variation of the normalized external work in 
the loading phase  
 
If the column-removed frame is not loaded into the inelastic range during the loading phase, which actually 
holds under most conditions, Eq.4 could be used to estimate the corresponding external work. The work done by 
the loading is calculated as  
  ³ du
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The above result can be used to estimate the work done at rtt  . Let ru  represent the displacement at rtt  . 
A numerical investigation on the relationship of )/()( ruuPrtW  and Trt /  is shown in Figure 2. It is seen that 
when Trt / >1, )/()( ruuPrtW  is neutralized about 0.5 with very small oscillation. Also, since a step function 
is used to describe the imposed loading for sudden column loss, the value of )/()( ruuPrtW  will be 1.0 if 
Trt / = 0. Therefore, as shown in the figure, a piece-wise linear approximation for the work done at rtt   is 
made and expressed as  
   rur uPtW E )(         (7) 
where  
   5.0 E  for Trt / >1        (8a) 
and   Trt /5.01 E  for 1/0 d Trt .      (8b) 
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Moreover, according to the loading growth definition, the applied loading reaches the maximum magnitude uP  
as the displacement is larger than ru . Hence, the total external work may be expressed as  
   ruuPruuuPuW E'  )(       (9) 
where u'  is the maximum displacement. For an assumed elasto-plastic SDOF model with post-yield stiffness 
ratio D , as shown in Figure 1, the stored strain energy is written as  
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where yP  and y'  are the yielding force and displacement of the SDOF model and P  is the ductility demand 
under the external loading uP . From the equal-work-and-energy theorem, sEuW   leads to  
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where yu ''P /  is the ductility demand and yrur 'P / . Eq.11 is the normalized pseudo-static loading of 
the elasto-plastic SDOF with the rise-time effect. It may also be used to determine the ductility demand under 
dynamic column loss as  
   D
DPEDDDP ]1)1(2[
2)1()1(  rRRR  > 1.0   (12) 
Since elastic response is assumed for the loading phase in the analytical derivation, it implies that the value of 
ru  should be less than the yield displacement. That is drP 1.0 in Eq.11 and Eq.12. The influence of this 
assumption will be assessed in the later numerical verification.  
 
PROCEDURE FOR THE DYNAMIC INCREASE FACTORS  
 
For regular building frames, the dynamic structural response under column loss is usually dominated by a single 
deformation mode. The relation between the sustained loading and the displacement of the column-removed 
joint can be captured by an equivalent SDOF model (Sasani and Sagiroglu 2008). Therefore, the analytical 
normalized pseudo-static loading and dynamic ductility derived in the previous section may be used to estimate 
the force-based and displacement-based DIFs with rise-time effect for progressive collapse analysis of building 
frames.  
 
Force-based DIF  
 
The forced-based DIF is determined based on a given ductility or displacement demand. With a given ductility 
demand and a finite rise time rt , the following steps can be proceeded to find the DIF.  
Step 1: Estimate the displacement at rtt   and calculate yrur 'P / .  
Step 2: If the ductility demand P  is not larger than 1.0, the required normalized static loading is determined as  
  P'P   yPyksR / .         (13) 
Calculate the Trt /  ratio and the elastic dynamic amplification factor (Chopra 1995) will be used for the DIF as  
  Trt
TrtPDIF /
)/sin(
1 S
S
 .         (14) 
Step 3: If P >1.0, the required normalized static loading is determined as  
   )1(1  PDsR .       (15) 
With the value of Trt / , the value of E  is obtained from Eq.8. Then, the normalized pseudo-static loading is 
determined from Eq.11.  
Step 4: The forced-based DIF is calculated as RsR / .  
 
 Displacement-based DIF  
 
The displacement-based DIF on the other hand is determined based on a given external loading uP . With the 
given loading and a finite rise time rt , the following steps may be proceeded to find the DIF.  
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Step 1: Calculate yPuPR / . If 5.0dR , the structural response is elastic and the DIF will be the same as 
Eq.14.  
Step 2: If 0.15.0 d R , the structural response is elastic as the loading is statically applied and inelastic as the 
loading is dynamically applied. The static ductility demand is then written as  
  R
y
kuPs   'P
/
         (16) 
and the dynamic ductility demand is obtained from Eq.12.  
Step 3: If 0.1!R , the static ductility demand is obtained from  
  11  DP
R
s          (17) 
and the dynamic ductility demand is obtained from Eq.12.  
Step 4: The displacement-based DIF is then calculated as sPP / .  
 
NUMERICAL VERIFICATIONS   
SDOF model  
 
In this section, a SDOF model is constructed to verify the accuracy of the proposed analytical formulation. An 
elasto-plastic nonlinear spring with yield force yP = 51.5 kN, yield deflection y' = 0.7 cm, and a post-yield 
stiffness ratio D = 0.05 are assumed for the SDOF model. Thus, its elastic stiffness is equal to 73.57 kN/cm. 
The imposed loading magnitude is varied in terms of a multiplier of the yield force yP . Nonlinear time-history 
analyses are carried out for the SDOF model subjected to the constant loading function with finite rise time. The 
loading magnitude is changed from 0.2 yP  to 3.0 yP  in the nonlinear time-history analyses. Since the imposed 
loading is considered as the vibration mass in the time-history analyses, the natural period of the model will 
increase with the loading magnitude. Three different rise time, namely rt = 0.06, 0.10, and 0.15 sec, are 
considered in the analyses. The smallest rise time will result in all the values of Trt /  smaller than 1.0. 
However, some of the Trt /  ratios will be larger than 1.0 in the analyses with the other two larger rise time.  
 
Figures 3a and 3b show the force- and displacement-based DIFs of the SDOF model, respectively. In the figures, 
the symbols represent the DIFs obtained from the nonlinear dynamic time-history analyses, while the curves 
represent those obtained from the proposed analytical procedures. Also, the analytical DIFs obtained without 
considering the rise-time effect (Tsai 2010) are included in the figures for comparison. In Figure 3a, it is 
observed that the force-based DIF decreases with increased rt . This indicates that the applied loading may be 
overestimated in static progressive collapse analysis without considering the rise-time effect. Nevertheless, the 
difference induced by the rise-time effect reduces for larger ductility demands, which implies less influence on 
the plastic column-loss response. Also, the dynamic time-history analysis results match well with the predicted 
DIFs. Furthermore, in the UFC 4-023-03 progressive collapse analysis guidelines, it is recommended that the 
Trt /  should be less than 0.1 for sudden column loss scenarios. As shown in Figure 4a, the values of Ttr /  in 
the numerical demonstration are larger than the threshold and the proposed approach may serve as a measure to 
account for the rise-time effect. In the analytical derivations, elastic behavior is assumed for the load-increasing 
phase. Figure 4b shows the variation of the ductility demands, rP , at the time instant rtt  . It is seen that rP  
is less than 1.0 as rt = 0.06 sec, while it may be larger than 1.0 as rt = 0.10 or 0.15 sec. Nevertheless, the 
analytical approach still provides accurate prediction even when rP  is larger than 1.0. This means that the 
assumption of 0.1drP  is not critical to the prediction of DIFs.  
 
On the other hand, the displacement-based DIFs with varied normalized loading yPuP /  are shown in Figure 
3b. Similar to the force-based DIFs, the displacement-based DIF decreases with increased rt . Also, it is 
observed that the influence of rise time on the displacement-based DIFs can be neglected as yPuP /  is larger 
than 1.5. This may be interpreted by the gradually decreased Trt /  with increased yPuP / , as shown in Figure 
5a. Apparently, a larger imposed loading leads to an increased natural period T and thus reduces the rise-time 
effect. In addition, the predicted displacement-based DIFs agree well with the numerical analysis results even 
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though the assumption of elastic behavior in the load-increasing phase may be violated as yPuP /  is larger than 
1.0 for the cases of rt = 0.10 and 0.15 sec, as shown in Figure 5b.  
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Figure 4b Variation rP  with ductility demand  
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Figure 5b Variation rP  with ductility demand   
 
Clamped beam model  
 
In the nonlinear dynamic analyses of the SDOF model, the originally supported loading of a failed column is 
completely applied to the model without load redistribution. In general, there are always adjacent structural 
members or boundaries to share the supported loading of the failed column in a real building frame. For one-
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step closer to the real situation, the proposed analytical formulations are further applied to a clamped steel beam 
model. The steel beam has an ASTM W24x68 section made of A572 Grade 50 material. A combined mid-span 
and uniformly distributed loading, Q + qL, is imposed on the clamped beam, as shown in Figure 6a. The mid-
span concentrated loading, Q, is equal to half the distributed loading, qL. Yield reaction yP  for a three-hinge 
mechanism is equal to 1440 kN at an equivalent yield displacement of 1.80 cm. Lumped flexural hinges are 
assigned at the mid-span and beam ends. An elasto-plastic nonlinear model with a post-yield stiffness ratio of 
0.05 is assumed for the hinge properties. Dynamic time-history analyses are conducted by applying an equal-
and-opposite mid-span loading to counteract the original supporting load Q+qL/2. The counteractive loading is 
linearly increased within the rise time rt , as shown in Figure 6b. Three different finite rise time and some 
selected normalized imposed loadings are considered for the time-history analyses.  
 
The numerical and predicted DIFs are compared in Figures 7a and 7b. It is seen that the proposed approach may 
give satisfactory predictions in both the force- and displacement-based DIFs. The rise-time effect on the 
clamped beam appears similar to that on the SDOF models. Insignificant effects on the force- and displacement-
based DIFs are observed as the ductility is larger than 5.0 and the normalized loading is larger than 1.5, 
respectively. It is reminded that a larger imposed loading is concurrent with an increased ductility demand and 
structural period under column loss. With a larger ductility or loading demand, the Trt /  ratio decreases and 
then leads to smaller rise-time effect on the significantly plastic response. However, the analytical formulation is 
derived from a SDOF model subjected to direct loading, which is different from the partial loading release 
condition of the clamped beam model (Tsai 2012). Hence, the accuracy is not as good as the SDOF case. 
Moderately increased error can be observed for the displacement-based DIF at the vicinity of yPuP / =1.0 as 
rt = 0.3 sec. In general, the analytical approach leads to slightly larger DIFs than the numerical analysis. In 
addition, Figures 8a and 8b show the variation of Trt /  with the ductility demand and normalized loading, 
respectively. Most of the Trt /  ratios are larger than 1.0 for the case with rt = 0.3 sec. It is seen that as Trt /  is 
close to or larger 1.0, the DIF becomes close to or only slightly larger than 1.0, as observed in Figure 7a and for 
yPuP / <1.0 in Figure 7b. This factor results in similar elastic dynamic amplifications for the cases with rt = 
0.15 and 0.30 sec. Therefore, as Trt /  being larger than one, the dynamic effect reduces and column loss 
response becomes dominated by quasi-static behavior. The elastic-to-moderately plastic dynamic response will 
decrease and the DIF will converge asymptotically toward 1.0. 
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Figure 6a The clamped beam model 
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Figure 6b The loading time history  
 
 
Practical consideration  
 
As revealed in the current design guidelines issued by the GSA (2013) and DoD (2009), a force-based DIF is 
used to amplify the imposed loading combination in the nonlinear static progressive collapse analysis. The 
deformation demands under the amplified loadings are then compared with the deformation capacities of 
members. According to the GSA and DoD guidelines, the ratio of allowable plastic rotation to yield rotation may 
be used as the ductility demand, P , in the analytical formulation. The smallest ductility demand for any 
primary element, component, or connection of the members in the tributary area of the failed column is chosen 
for determining the DIF of the entire building frame. From the previous numerical investigations, the rise-time 
effect may be neglected as the ductility demand is larger than five for the forced-based DIF. Regarding the 
length of the rise time, it is related to the external loading duration, allowable plastic rotation, and dimensions of 
the failed column, which is not included herein.  
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Figure 7a The force-based DIFs of the clamped beam  
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Figure 7b The displacement-based DIFs of the 
clamped beam  
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Figure 8a Variation Trt /  with ductility demand 
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CONCLUSIONS  
 
This study aimed at clarifying the rise-time effect on the dynamic amplifications of building structures under 
column loss. The work-energy principle, which had been successfully used in evaluating the progressive 
collapse resistance of building structures, was applied to the analytical formulation of the pseudo-static response 
with the rise-time effect. An assumption of elastic loading phase was made in the derivation. Analytical 
procedures were proposed to determine the force- and displacement-based dynamic increase factors (DIFs) with 
the rise-time effect. Numerical time-history analyses of a SDOF and a clamped beam model verified that the 
proposed analytical procedures could appropriately consider the rise-time effect and accurately predict the 
dynamic amplifications in both the displacement and force responses. The assumption was shown to have 
insignificant influence on the accuracy. Analysis results indicated that both the force- and displacement-based 
DIFs decreased with increased rise time. Also, the dynamic structural response under column loss decreased 
with consideration of the rise-time effect. Nevertheless, its influence was reduced as significant plastic response 
occurred. For practical application, the rise-time effect may be reasonably neglected as the ductility demand is 
larger than 5.0 and the normalized loading is larger than 1.5 for the force- and displacement-based DIFs, 
respectively. Hence, as significant plastic response is allowed, the rise-time effect can be neglected in the 
progressive collapse design and analysis. If moderate plastic response is the performance target, the rise-time 
effect can be considered to avoid overestimation as the ratio of Trt /  is larger than 0.3. As for elastic response, 
it is suggested to consider the rise-time effect as Trt / >0.1, which is the upper bound for numerical simulation 
of sudden column-loss scenarios in the GSA and DoD guidelines.  
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